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We calculate the scattering cross section between two 0++ glueballs in SU(2) Yang-Mills theory
on lattice at β = 2.1, 2.2, 2.3, 2.4, and 2.5 using the indirect (HAL QCD) method. We employ the
cluster-decomposition error reduction technique and use all space-time symmetries to improve the
signal. In the use of the HAL QCD method, the centrifugal force was subtracted to remove the
systematic effect due to nonzero angular momenta of lattice discretization. From the extracted
interglueball potential we determine the low energy glueball effective theory by matching with the
one-glueball exchange process. We then calculate the scattering phase shift, and derive the relation
between the interglueball cross section and the scale parameter Λ as σφφ = (2−51)Λ−2 (stat.+sys.).
From the observational constraints of galactic collisions, we obtain the lower bound of the scale
parameter, as Λ > 60 MeV. We also discuss the naturalness of the Yang-Mills theory as the theory
explaining dark matter.
PACS numbers: 11.15.-q,12.39.Mk,95.35.+d,98.80.-k
I. INTRODUCTION
The study of dark matter (DM) [1–4] is one of the most
fundamental subjects of physics. Its presence is provid-
ing us the most consistent explanation for many astro-
physical and cosmological phenomena and problems such
as the large scale structure formation [5–23]. While the
DM is less likely to be mainly composed of astrophysical
objects [24–34], there are no particle physics candidates
in the standard model (SM), and many models beyond
it are under investigation [1, 3, 4, 35–85]. The “WIMP
miracle” [41, 86–94], i.e. the suggestive coincidence of
the weak coupling and the DM density that would have
thermally been generated with the latter as the interac-
tion between ordinary matter and DM, motivated us to
experimentally test their direct scattering [95–109], the
DM decay to visible cosmic rays [110–132], and DM pro-
ductions at collider experiments [98, 133–159], but no
positive results have been reported so far.
In this context, an additional Yang-Mills theory
(YMT) which does not or very weakly interacts with the
SM particles is an attractive candidate, since the lightest
particle of the spectrum is a glueball [160–235], fulfilling
the conditions required for being DM [236–254]. This
“dark” YMT may naturally be generated in grand uni-
fication frameworks [236, 237, 245, 255–266], and it is
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possible to experimentally detect them by observing the
gravitational wave background [246, 267–282] left from
the first order de/confinement phase transition (YMTs
have first order de/confinement phase transition for color
number Nc ≥ 3 [283–290]).
The glueballs, like the other hadrons, are generated by
the nonperturbative physics of nonabelian gauge theory,
so the lattice gauge theory simulation is required to quan-
tify their dynamics [290–327]. The glueballs should also
exist in the quantum chromodynamics of the SM, and
extensive experimental search is ongoing [328–338], but
the mixing with other hadrons [339–369] is complicat-
ing the analysis of their production and decay processes
[183, 370–396]. In the case of the DM, the glueballs of
the YMT are stable. The absence of quarks is indeed an
important advantage, since the hierarchy problem will
become almost irrelevant.
Here we challenge the quantification of the interglue-
ball cross section. The DM self-interaction (scattering)
may affect the structure of the galactic halos and their
collisions [397–426]. The DM scattering cross section is
actually constrained by observations [427–431]. We ex-
pect the lattice calculation of the interglueball scattering
to yield quantitative relation between the cross section
and the unknown scale parameter Λ of the dark YMT,
which will be bounded by the observational data. In this
work, we use the HAL QCD method [432–448], which is
quite successful in the determination of the interhadron
potential on lattice, to quantify the glueball scattering.
2This paper gives the complete and detailed discussion
of the letter [449], in which the DM cross section within
the YMT was quantitatively derived for the first time on
lattice. In the next section, we will explain the natural-
ness of the YMT as the candidate of DM model beyond
the SM. We then describe in Section III the setup of lat-
tice simulation and the calculation of the interglueball
potential obtained by employing the HAL QCD method.
In Section IV, we show the result of our calculation of
the potential in SU(2) lattice YMT, determine the glue-
ball effective field theory by matching the one-glueball
exchange process with our lattice data, derive the glue-
ball cross section, and constrain the scale parameter from
observation. The final section is devoted to the summary.
II. NATURALNESS OF DARK YANG-MILLS
THEORY
In this section, we shall show that the glueball DM
is very natural among composite DM scenarios [241–
245, 251, 253, 266, 450–531] and dark gauge theories.
The assumption of the existence of dark gauge sectors is
indeed a reasonable answer to the problem of the ad hoc
gauge group of the SM, since they may naturally arise
in many contexts such as in string or grand unification
theories [236, 237, 245, 255–266]. Here we do not discuss
their origin, but rather the constraint on the dark gauge
sector that could be imposed assuming the naturalness.
The DM model has to be conceived respecting many
phenomenological constraints such as the electric neu-
trality, the nonrelativisticity, the consistency with the
bigbang nucleosynthesis, experimental data from direct
and indirect detections, etc. The simplest possibility is
the massive dark photon. To give it a finite mass, the
Higgs potential has to be present with a scalar quadratic
term. The latter is known to introduce severe hierarchi-
cal problem due to the quadratic divergence, unless the
Higgs potential is just an effective one below some energy
scale close to the dark photon mass. The same reasoning
applies for nonabelian gauge theories with scalar field(s),
whether it (they) induces the Higgs mechanism or not.
The second class of theory is the gauge theory without
spontaneous breakdown by the Higgs mechanism. In this
case, we can first conceive an asymptotically free gauge
theory. However, we have to note that the fermions must
be massless (or very light compared to the current tem-
perature of the Universe), which will conflict with the
nonrelativistic property and the bigbang nucleosynthe-
sis. In this class of gauge theory, colored particles should
therefore be confined, and the mass of hadrons is gen-
erated dynamically. The chiral fermions are not favored
for several reasons as shown below. If the fermions are
chiral i.e. massless, the general case will be the sponta-
neous break down of chiral symmetry. Massless Nambu-
Goldstone modes are then generated, which are also not
allowed phenomenologically, due to the constraint on the
number of relativistic particles at the bigbang nucleosyn-
thesis. We may equally think of a case where the chi-
ral symmetry is not spontaneously broken, requiring the
generation of massless composite fermions with the same
global symmetry as the original theory, as required by
the ’t Hooft anomaly matching. This scenario is again
forbidden for the same reason as the previous case. If the
elementary fermions become massive due to other spon-
taneous breakdown of the chiral symmetry through the
Yukawa interaction (like the SM), this means that there is
at least one additional scalar field which forms the Higgs
potential, thus generating again the hierarchical problem.
We finally arrive at the conclusion that the most natural
scenarios are nonabelian gauge theories with vectorlike
fermions.
In QCD-like theories, the vectorlike fermions may have
arbitrary masses. If the vectorlike fermions are lighter
than the confining scale (ΛNc) and have gauge charges
of the SM sector, the dark baryon number asymmetry
may be generated through the sphaleron process. On the
contrary, if the masses of vectorlike fermions are heavier
than ΛNc , the glueball of this gauge sector will become
the DM. If we wish to explain the DM within the non-
abelian gauge theory with vectorlike fermions, we there-
fore have two choices, the DM composed of baryons made
of vectorlike fermions, or lightest glueballs for which the
YMT is the relevant theory. Needless to say, we may also
conceive a pure YMT without any other fields
LYM = −1
4
N2c−1∑
a=1
Fµνa F
a
µν , (1)
where Fµνa is the dark gluon field strength. In this case,
the number of input parameters is minimal, so that the
YMT is the most natural theory explaining the DM. An-
other feature which has to be emphasized is that, in grand
unification scenarios, ΛNc is controlled by the integer
number of colors Nc which runs the coupling logarithmi-
cally over the energy scale, and it may generate a variety
of energy scales.
III. SIMULATION AND FORMALISM
A. Simulation setup
Let us now present the detail of the simulation of YMT
on lattice. In this work, we simulate it with five lattice
spacings corresponding to β = 2.1, 2.2, 2.3, 2.4, and 2.5.
The simulation parameters are given in Table I.
The relation between the string tension σ and Λ, the
scale parameter of SU(2) YMT, was calculated for the
general Nc [532, 533], giving
Λ√
σ
= 0.503(2)(40) +
0.33(3)(3)
N2c
. (2)
By using the result of the calculation of the string ten-
sion of Ref. [312] (see Table II), it is possible to express
3TABLE I. Simulation parameters of SU(2) YMT. “Thermal-
ization” denotes the number of thermalization sweeps used in
the pseudo-heat method, and “Separation” is the interval of
sweeps taken between each data taking.
β Volume Configurations Thermalization Separation
2.1 103 × 12 1000000 5000 150
2.2 124 9999990 5000 150
2.3 143 × 16 4100000 8000 240
2.4 163 × 24 2030000 5000 150
2.5 203 × 24 520000 12000 600
the lattice spacings a in the unit of Λ. We note that
Λ is an unknown parameter, since the property of the
DM particle is totally unknown. The aim of our work
is precisely to calculate the low energy constants of the
low energy glueball effective Lagrangian and the inter-
glueball scattering cross section in the unit of Λ, so that
the constraint from observational data will give a bound
on it.
TABLE II. The string tensions of Ref. [312] and lattice spac-
ings derived from Eq. (2) for several β.
β a
√
σ a[Λ−1]
2.1 0.608(16) 0.356(27)
2.2 0.467(10) 0.273(20)
2.3 0.3687(22) 0.216(15)
2.4 0.2660(21) 0.156(11)
2.5 0.1881(28) 0.110(8)
Let us now define the 0++ glueball operator:
φ(t, ~x) = Re[P12(t, ~x) + P12(t, ~x+ a~e3) + P23(t, ~x)
+P23(t, ~x+ a~e1) + P31(t, ~x) + P31(t, ~x+ a~e2)].
(3)
Here Pij are the plaquette operators in the i − j direc-
tion, with ~e1,2,3 the unit vector. The 0
++ glueball has
the same quantum number as the vacuum, so it has an
expectation value which corresponds to a divergence in
the continuum limit. To extract physical information,
we have to subtract it from the glueball field operator φ.
The glueball correlators are then expressed in terms of
φ˜(t, ~x) ≡ φ(t, ~x)− 〈φ(t, ~x)〉.
In order to improve the glueball operator, we also apply
the APE smearing [306, 317, 318]. The smeared link
operator U
(n)
i is constructed by maximizing
ReTr[U
(n+1)
i (t, ~x)V
(n)†
i (t, ~x)], (4)
where
V
(n)
i (t, ~x) ≡ αU (n)i (t, ~x) +
∑
±j 6=i
U
(n)
j (t, ~x)
×U (n)i (t, ~x+ a~ej)U (n)†j (t, ~x+ a~ei). (5)
The optimal choices of α and n for each β are given in Ta-
ble III. We compare in Fig. 1 the effective mass plots with
the smeared and unsmeared glueball operators. We see
that the smeared operator requires much less imaginary
time to form the plateau, and the statistical error is much
smaller. With the above setup, we found the glueball
mass mφ as shown in Table III for β = 2.1, 2.2, 2.3, 2.4,
and 2.5. The largest uncertainty of mφ is coming from
the relation (2).
TABLE III. Smearing parameters α and n used to optimize
the 0++ glueball operator. The results of our calculations of
0++ glueball masses (in lattice unit) are also shown.
β α n amφ mφ[Λ]
2.1 16.0 3 1.853(13) 5.21(39)
2.2 16.0 5 1.517(10) 5.55(41)
2.3 10.0 7 1.241(6) 5.75(54)
2.4 2.0 11 0.924(8) 5.93(43)
2.5 2.0 27 0.696(6) 6.32(46)
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FIG. 1. Glueball effective mass calculated with the standard
glueball operator (3) (green points) and with APE smearing
(blue points) at β = 2.5. The result of the previous work
[312] (red line, with the uncertainty band) is also shown for
comparison.
B. Nambu-Bethe-Salpeter amplitude
To extract the scattering cross section between two
hadrons, we have to calculate the Nambu-Bethe-Salpeter
(NBS) amplitude, defined as follows:
Ψφφ(t, ~x− ~y) ≡ 1
V
∑
~r
〈0|T [φ˜(t, ~x+ ~r)φ˜(t, ~y + ~r)J (0)]|0〉.
(6)
Here J is the source operator which has the same quan-
tum number as the two-glueball state, and it may be
improved using the APE smearing. However, the sink
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FIG. 2. NBS amplitudes for the 1-body wall source calculations on lattice with β = 2.1, 2.2, 2.3, 2.4, and 2.5.
operators should not be smeared, since the nonlocality of
the operator will affect the definition of the interglueball
distance. For the 0++ glueball, all n-body operator (φ˜n)
(n ∈ N, n 6= 0) may be chosen. We also note that J also
has expectation value, so we have to subtract it. We can
easily show that the removal at one side, either at the
source or at the sink, is sufficient, since we have
〈0|T [[Osnk(t, ~r)− 〈Osnk(t, ~r)〉][Osrc(0)− 〈Osrc(0)〉]]|0〉
= 〈0|T [[Osnk(t, ~r)− 〈Osnk(t, ~r)〉]Osrc(0)|0〉
= 〈0|T [Osnk(t, ~r)[Osrc(0)− 〈Osrc(0)〉]]|0〉. (7)
For the computational convenience, we choose to remove
the expectation value of the source J . We show in Fig.
2 the behavior of the NBS amplitude with 1-body source
at β = 2.1, 2.2, 2.3, 2.4, and 2.5. We see characteristic
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FIG. 3. NBS amplitudes for the 1-, 2-, and 3-body wall source
calculations on 163 × 24 lattice with β = 2.4.
oscillations with a valley at each lattice unit. This in-
teger variation is suggesting us the relevance of nonzero
angular momentum (l ≥ 4) effects due to the lattice dis-
cretization. At integer r, l = 4 wave contributes, while
other higher partial waves also contribute at other non-
integer r. This fact is the origin of the above integer
oscillation. We will see later how to remove this system-
atic effect when extracting the interglueball potential.
In Fig. 3, we compare the same quantity between 1-,
2-, and 3-body sources for β = 2.4. We see that for the
1-body source calculation, the NBS amplitude becomes
zero at large r, while it is finite for the cases of 2- and
3-body sources. This is because the NBS amplitude with
1-body source cannot be splitted into two spatially sepa-
rated correlators, while that with 2- and 3-body sources
can. We note that this fact does not occur if the ex-
pectation values of the source (and sink) operator are
not correctly subtracted, and this proves that the clus-
ter decomposition principle is correctly working with the
definition (7). Since the lattice calculation becomes nois-
ier as the mass dimension of the operator increases, we
will mainly discuss the NBS amplitude with the 1-body
source. The correlator (6) is purely gluonic, and the sta-
tistical error is significant in the lattice calculation. To
improve the accuracy, we use all space-time symmetries
(space-time translation and cubic rotation) to effectively
increase the statistics.
C. Finite volume effect
We now inspect the finite volume effect. In looking
at the damping of each NBS amplitude of Fig. 2, we
see that the signal is correctly becoming zero consistent
before reaching the half of the lattice spatial length.
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FIG. 4. Comparison of the calculations of the NBS amplitude
using the 1-body wall source with the volumes 163 × 24 and
323 × 24 (β = 2.5). The NBS amplitude was calculated with
1045000 and 126000 configurations for the 163×24 and 323×
24 lattices, respectively.
Another important point to be discussed in the con-
text of the finite volume effect is the vacuum fluctuation
of gluonic operators. Let us compare the lattice calcula-
tions with two different volumes 163 × 24 and 323 × 24
for β = 2.5. We plot in Fig. 4 the results of the NBS
amplitude (1-body wall source) calculated with approx-
imately the same statistics, which are considered to be
proportional to the volume thanks to the use of transla-
tional symmetries. We see that the results are in agree-
6ment, although the statistical error is large for the case
of 323 × 24 lattice. It is actually known that the noise
enhances when distant gluonic correlations (disconnected
insertions) contribute to the correlator, since such con-
tribution increases with the volume, as we chose the wall
source. In the next section, we precisely use this fact to
reduce the statistical uncertainty, by removing the un-
correlated contribution.
D. The cluster-decomposition error reduction
technique
As we saw in Section III C, the contribution to
the correlator from gluonic operators that are four-
dimensionally well separated yields statistical fluctuation
which accumulates with the increase of the volume. This
is because these operators have expectation values and
they are fluctuating even when they are isolated. The
idea then came to remove these meaningless fluctuations
originating from the distant positions of the operators,
and just keep the contribution from the true correla-
tion with closely located interpolating fields. Since the
YMT has a mass gap, the correlation is exponentially
suppressed in the Euclidean space, so that we can set
a four-dimensional cutoff which removes the contribu-
tion from the uncorrelated region [534]. This is also an
important technical application of the cluster decompo-
sition principle. We plot in Fig. 5 the example of the
calculation of the glueball two-point correlator using the
above mentioned method, the cluster-decomposition er-
ror reduction technique (CDERT). We found that, for
β = 2.4, the systematic error is less than the statistical
one with the cut ρ = 7 (lattice unit).
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FIG. 5. CDERT applied to the glueball two-point function
calculated with 100 configurations and the smeared operator
on 163 × 24 lattice with β = 2.4. We see that the correla-
tor saturates at the cutoff ρ = 7 (lattice unit), and further
increase of the cutoff enlarges the statistical error bar.
In this work, we apply the CDERT used in Ref. [534]
to the calculation of the NBS amplitude on 163× 24 lat-
tice with β = 2.4, for which the computational cost was
optimal (for β = 2.1, 2.2, 2.3, increasing the number of
configurations was more efficient to reduce the statisti-
cal error, while the application of the CDERT was too
costly for 203 × 24 lattice with β = 2.5). We set cutoffs
to the relative four-dimensional distances between the
source operator and the sink ones. The NBS amplitude
with the 1-body source is then calculated as
Ψ′φφ(t, ~x− ~y) =
1
V
∑
~r
∑
~rsrc∈C(t,~x+~r)
⋃
C(t,~y+~r)
〈0|T [φ˜(t, ~x+ ~r)φ˜(t, ~y + ~r)φ˜(0, ~rsrc)]|0〉,
(8)
where C(t, ~v) is the 3-dimensional projection of the 4-
dimensional hypersphere with the center (t, ~v) and with
the radius ρ onto the t = 0 (3-dimensional) hyperplane.
The cutoffs are simultaneously applied to both glueball
operators of the sink, which means that the wall source
is changed to a source with a restricted region where
two spheres of the cutoffs overlap. We note that this
simultaneous application of the cutoff to the above two
pairs of operators upsets the possibility to reduce the
computational cost using the Fourier transform, which
was very efficient in the case of two-point functions [534].
In the case of SU(2) YMT, the calculation of the NBS
amplitude with the CDERT is the most computationally
costly step of this work. We also apply the same cutoff
to the distance between the two interpolating fields of
the sink, but this manipulation is just equivalent to not
considering the radial plot of the NBS amplitude for the
radius beyond the cutoff. In Fig. 6, we plot the result
of the application of the CDERT to the NBS amplitude
calculated on 163 × 24 lattice at β = 2.4 with the cutoff
ρ = 7 (lattice unit). We see that the CDERT could
successfully reduce the statistical error by more than a
factor of two, keeping consistency with the wall source
calculation.
E. Problems with the direct method
We now extract the scattering phase shift. It may be
calculated by Fourier transforming the NBS amplitude
and by inspecting the momentum modulation of the en-
ergy of the two-glueball system (the so-called Lu¨cher’s
method) [535]. This approach is expected to be appli-
cable when there are no states with smaller energy or
when the quantum number of the two-body system for-
bids transition to lighter states, and it has been applied to
many hadronic systems [536–543]. However, in the case
of the two-glueball state, it mixes with the single glueball
state. Indeed, the NBS amplitude forms a plateau with
the effective mass of a single glueball (see Fig. 7). It is,
of course, possible to remove the contribution from the
one-glueball state by hand or by diagonalizing the source
operator, but we have to keep in mind that the glueball
spectrum has other states and resonances with energy
7-3x10-8
-2.5x10-8
-2x10-8
-1.5x10-8
-1x10-8
-5x10-9
 0
 0  1  2  3  4  5  6
SU(2), β=2.4, 163×24
N
BS
 a
m
pl
itu
de
 (la
ttic
e u
nit
)
r (lattice unit)
CDERT (2030000 Confs., cut=7)
Wall source (2030000 Confs.)
FIG. 6. Glueball NBS amplitude with 1-body source (J =
φ˜) obtained by applying the CDERT with the cutoff ρ = 7
(lattice unit) on 163 × 24 lattice at β = 2.4. We compare it
with the wall source calculation to visualize the improvement
of the signal.
close to the two-body threshold. The extraction of the
two-glueball scattering in the direct method is therefore
very challenging.
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FIG. 7. Effective mass plot of the glueball NBS amplitude in
the momentum space, with 1-body source (J = φ˜) on 163×24
lattice with β = 2.5. We see that the energy of the system
saturates at the single glueball mass.
F. HAL QCD method
An alternative approach to calculate the scattering
phase shift is to indirectly calculate it via the inter-
glueball potential obtained from the HAL QCD method
[432, 433]. The object is to extract the nonlocal po-
tential U(~r, ~r′) by using the fact that the NBS am-
plitude Ψφφ(t, ~r) obeys the following time-independent
Schro¨dinger-like equation:
1
mφ
∇2Ψφφ(t, ~r) =
∫
d3r′U(~r, ~r′)Ψφφ(t, ~r
′). (9)
By taking a sufficiently large t (we call this “taking the
ground saturation”), the potential can be extracted. It is
easily possible to realize large t with large time discretiza-
tion (lattice spacing), i.e. small β. In our calculation, we
use the time-independent formalism to extract the inter-
glueball potential for β = 2.1 and 2.2 [Eq. (9) will not
be used exactly in its form, since we have to subtract the
centrifugal force, as seen below].
The above method is unfortunately difficult to apply
to cases where the contamination from excited states
is important. To overcome this problem, the HAL
QCD method was then extended to the following time-
dependent formalism [439][
1
4mφ
∂2
∂t2
− ∂
∂t
+
1
mφ
∇2
]
R(t, ~r) =
∫
d3r′U(~r, ~r′)R(t, ~r′),
(10)
where R(t, ~r) ≡ Ψφφ(t,~r)
e
−2mφt
. Here we have to choose t
so that 1/t is less than the inelastic threshold ET =
3mφ− 2mφ = mφ, if one wants to study the elastic scat-
tering. The elasticity is an important feature of the HAL
QCD method, since it makes the physics essentially non-
relativistic. The potential should then be local and cen-
tral, U(~r, ~r′) ≈ Vφφ(~r)δ(~r−~r′), to a good approximation.
We then have
Vφφ(~r) =
1
R(t, ~r)
[
1
4mφ
∂2
∂t2
− ∂
∂t
+
1
mφ
∇2
]
R(t, ~r). (11)
The above extension to the time-dependent formulation
has the crucial advantage that we do not need the ground
state saturation for extracting the potential [439], and
it is now well established after intense discussions [544–
548]. In particular, the glueball correlators are in general
very noisy, so the use of this method is almost manda-
tory for large β if one wants to keep good statistical ac-
curacy. In addition, the potential handled in the HAL
QCD method does not depend on the renormalization
scale [432, 433]. We, however, have to keep in mind that
the potential is not an observable, and it may depend on
the choice of the operators.
As seen in Sec. III B, the NBS amplitude calculated
on lattice might be contaminated by higher partial waves
with angular momentum l ≥ 4. The HAL QCD Collab-
oration resolved this problem by using Misner’s method
[448]. This consists of taking the weighted average of the
NBS amplitude over a thin interval of distance between
hadrons. However, for the case of the glueballs, the sig-
nal of the potential is spatially damping very fast and
only data points close to the origin may be used, so we
will not have enough points in a thin interval to take the
weighted average. In our study, we resolve this problem
instead by simply subtracting the centrifugal force which
8is giving the leading contribution from finite angular mo-
menta in the Schro¨dinger equation. The relation between
the potential and the NBS amplitude is then
Vφφ(~r) =
1
R(t, ~r)
[
1
4mφ
∂2
∂t2
− ∂
∂t
+
∇2
mφ
+
(~r × ~∇)2
2mφr2
]
R(t, ~r).
(12)
In the case of the glueball, the signal is also very quickly
damping in the temporal direction, so the removal of the
centrifugal force, which should have a large effect at short
distance, is also expected to improve the quality of the
potential at small imaginary time, without waiting for
the damp of the centrifugal one. Moreover, in our study,
we are interested in the low energy scattering between
DM, so it is fortunate that we only have to consider the
s-wave scattering. We also note that the subtraction of
the centrifugal force from the kinetic term yields
∇2
mφ
+
(~r × ~∇)2
2mφr2
=
~r · ~∇
mφr2
−
3∑
a,b,=1
rarb∇a∇b
2mφr2
, (13)
which is not containing the Laplacian ∇2 anymore. This
means that the second derivative disappears (we instead
have a product of first derivatives ∇a∇b), and conse-
quently the nonlocality is reduced. This will permit us to
extract the potential with data points close to the origin,
without being annoyed by the contact term of glueball
operators.
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FIG. 8. Comparison of the interglueball potentials extracted
using the HAL QCD method with and without the subtrac-
tion of centrifugal force (143 × 16 lattice, β = 2.3). The po-
tential becomes attractive after the subtraction in the region
around r ∼ 0.3.
In Fig. 8, we compare the interglueball potentials ex-
tracted using the HAL QCD method with and without
the subtraction of centrifugal force. We see that the po-
tential is repulsive before the subtraction of the centrifu-
gal force, and turns attractive after the improvement of
Eq. (12), which shows that this procedure is very efficient
in removing the systematics due to l ≥ 4 effects. We also
remark that the error bars are very large in the region
r ≥ 0.5Λ−1. This is due to the fact that the potential
is calculated by dividing by the NBS amplitude [see Eqs.
(11) and (12)] which is zero in the long range for the case
of the 1-body source, due to the cluster decomposition
principle (see Figs. 2, 3, and 6).
IV. RESULTS AND ANALYSIS
A. Interglueball potential
We calculate the interglueball potential for β =
2.1, 2.2, 2.3, 2.4, and 2.5 and superpose the results with-
out weight. This manipulation is allowed since the po-
tential obtained in the HAL QCD method is indepen-
dent of the choice of the renormalization scale. For
β = 2.3, 2.4, and 2.5, the interglueball force is extracted
using the time-dependent formalism improved by remov-
ing the centrifugal force (12). For β = 2.1 and 2.2, the
time interval is large, and the use of Eq. (12) introduces
sizable systematics due to the discretization through the
time derivative. In this work, we therefore employ the
standard HAL QCD method (9) improved by subtract-
ing the centrifugal force to extract the potential from the
lattice data at β = 2.1 and 2.2.
We plot in Fig. 9 the result of our calculation. We see
from our result that the interglueball potential is attrac-
tive. Here we note that we removed the data points at
r = 0 and r = 1 (in lattice unit). This is because the glue-
ball operator we used is a superposition of plaquettes so
as to form a 3-dimensional cube of spread with one lattice
unit [see Eq. (3)], and the product of two glueball oper-
ators at the same or consecutive spatial points may gen-
erate an operator made of overlapping plaquettes, which
is a single glueball operator. This problem was also en-
countered in the direct method (see Sec. III E).
Let us now fit the potential calculated on lattice. Here
we choose two fitting forms, i.e. the Yukawa function
VY (r) = V
(1)
Y
e−mφr
4πr
, (14)
and the two-range Gaussian (2-Gaussian) function
VG(r) = V
(1)
G e
−
(mφr)
2
8 + V
(2)
G e
−
(mφr)
2
2 . (15)
After the fit, we find
VY (r) = −231(8)e
−mφr
4πr
(χ2/d.o.f. = 1.3), (16)
VG(r) = −8.5(0.5)Λe−
(mφr)
2
8 − 26.6(2.6)Λe−
(mφr)
2
2
(χ2/d.o.f. = 0.9). (17)
The results are plotted in Fig. 9. Both fits have χ2 close
to one, which shows that they work reasonably well.
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FIG. 9. Interglueball potential calculated on lattice in SU(2)
YMT at β = 2.1, 2.2, 2.3, 2.4, and 2.5. The fits with the
Yukawa (14) and 2-Gaussian (15) fitting forms are also dis-
played. The colored band denotes the uncertainty (statistical
and systematic). For each β, we do not displayed data points
at r = 0, 1, and r ≥ 4 (lattice unit) because we did not use
them in the fit.
B. 0++ glueball effective Lagrangian
Let us try to analyze our result in terms of a simple
scalar effective field theory. The general renormalizable
effective theory of the 0++ glueball is given by the fol-
lowing trilinear + φ4 Lagrangian
Lφ = 1
2
(∂µφ)2 − m
2
φ
2
φ2 − A
3!
φ3 − λ
4!
φ4. (18)
The above trilinear interaction (term with A) gener-
ates an attractive Yukawa potential (see Fig. 10) which
has the longest range, and explains well our lattice re-
sult. By matching the one-glueball exchange process
with the nonrelativistic Yukawa potential, we have |A| =
2mφ
√
−V (1)Y ≈ 190Λ. The φ4 interaction may be repul-
sive depending on the sign of the coupling λ, but this
one is giving a delta function potential in the continuum
theory, and it is difficult to fit it directly from lattice
data.
k
FIG. 10. One-glueball exchange process in the t-channel
generated by the glueball trilinear interaction, with the ex-
changed momentum k.
The trilinear coupling A of the lightest 0++ glueball
has actually been extracted in SU(3) lattice YMT [305]
using Lu¨scher’s finite volume method [535, 549], and it
was obtained 3A
2
16πm2
φ
= 155 ± 45, which is comparable
to our result of SU(2) YMT 3A
2
16πm2
φ
≈ 60. This is also
consistent with the calculation of the strong coupling ex-
pansion 3A
2
16πm2
φ
≈ 120 [550]. As an aside, we note that the
glueball mass m2φ, the trilinear coupling A, and the φ
4
coupling λ scale as O(N0c ), O(N
−1
c ), and O(N
−2
c ), in the
large Nc limit, respectively. This results in the scaling of
the interglueball cross section σφφ = O(N
−4
c ).
It is also possible to derive the glueball effective
Lagrangian by using the conformal invariance and by
supposing that the glueball field operator is the trace
anomaly, which explicitly breaks the scale (conformal)
symmetry at the quantum level. In the low energy limit,
it has the following unique form [166, 167, 174, 179, 180,
187, 221, 551–554]
Lφ = 1
2
e
2 φ
fφ (∂µφ)(∂µφ)−H0
(
1
4
− φ
fφ
)
e
4 φ
fφ , (19)
where the decay constant fφ and the vacuum expecta-
tion value H0 are the only two free parameters. With
this effective theory, the glueball mass is given as mφ =√
−4H0/f2φ. To completely determine the low energy
effective Lagrangian of the glueball, another constraint
is required. Here we match the one-glueball exchange
process generated by Eq. (19) with the nonrelativistic
Yukawa potential (16) (see Appendix A for derivation).
After matching we have
|fφ| ≈ 1.4Λ, (20)
H0 ≈ −18Λ4. (21)
From the above discussion, we could obtain the depen-
dence of the low energy glueball effective Lagrangian (19)
on the scale parameter Λ of SU(2) YMT. This is actually
the first ab initio derivation of the low energy dynamics
of SU(2) YMT, and we expect it to be applied in the
predictions of important low energy observables. Since
the deconfinement transition of SU(2) YMT occurs at
the critical temperature Tc ≈ 1 × Λ [287, 290], which is
much smaller than the glueball mass mφ ∼ 6Λ, it is even
possible to predict observables near Tc using the above
low energy glueball Lagrangian without large corrections.
Potentially interesting quantities to be evaluated are the
DM relic density or the gravitational wave background
which are generated at the phase transition. We also
note that fφ ∝ Nc and H0 ∝ N2c , so qualitative extrapo-
lation of Eqs. (20) and (21) to Nc ≥ 3 is possible.
C. Dark matter cross section and constraint on Λ
We now derive the interglueball cross section by first
solving the s-wave Schro¨dinger equation with the fitted
10
potentials (16) and (17)(
∂2
∂r2
+ k2 −mφV (r)
)
φ(r) = 0, (22)
and extract the scattering phase shift δ(k) at vanishing
momentum k → 0, which is precisely the relevant kine-
matics for the DM scattering. Asymptotically, the solu-
tion of Eq. (22) behaves as φ(r) ∝ sin[kr + δ(k)]. The
quantity we have to calculate is then
σφφ = lim
k→0
4π
k2
sin2[δ(k)]. (23)
We finally obtain the following scattering cross sections
for the two fitting forms we used:
σφφ = (2.5− 4.7)Λ−2 (Yukawa), (24)
σφφ = (14− 51)Λ−2 (2-Gaussian), (25)
where the ranges correspond to the statistical error bar.
The systematic error is just estimated by taking the dif-
ference between the two results. Finally, the interglueball
scattering cross section in the SU(2) YMT is
σφφ = (2 − 51)Λ−2 (stat.+ sys.). (26)
Here we could see some enhancement of σφφ for the case
of 2-Gaussian fit, which might be due to the existence of
a resonance near the two-glueball threshold. Its determi-
nation will be required for the reduction of the systematic
error in the future.
We can then derive the constraint on Λ from observa-
tional data. By equating the upper bound on the DM
cross section obtained from the galactic collision [431]
σφφ/mφ < 0.47 cm
2/g, (27)
we finally have
Λ > 60MeV. (28)
In this work, we do not discuss the lower bound on Λ
which might be set by inspecting the astrophysics at the
scale below kpc, which has yet no consensus [398, 555–
575].
Using the large Nc argument, we can qualitatively ex-
tend the discussion to all Nc’s. As we saw in Section
IVB, the cross section scales as 1/N4c , while the mass of
the 0++glueball is constant at large Nc. The lower limit
of the scale parameter is then extended to Nc ≥ 3 as
ΛNc > 60
(
2
Nc
) 4
3
MeV. (29)
We note that the contribution of nonplanar diagrams to
σφφ is of O(N
−6
c ) so higher order corrections in 1/Nc
expansion are not small. To control the systematics down
to the percent level, we have to calculate the interglueball
cross section up to Nc = 10.
V. CONCLUSION
In this paper, we calculated the interglueball scattering
cross section using the HAL QCD method, and derived
the constraint on the scale parameter of SU(2) YMT
from the observational data of galactic collision. Theo-
retically, the glueball DM is a natural conception because
the theory does not depend on any massive parameters
except the scale parameter. It is also part of the non-
abelian gauge theory with heavy vectorlike fermions. The
other dark gauge theories have more or less hierarchical
problems, thus proving the attractiveness of the YMT.
In our work, the use of the HAL QCD method was al-
most mandatory, since this allowed us to take data with
small imaginary time, which was crucial for extracting
physical information from the very noisy glueball corre-
lators. We also used the CDERT at β = 2.4 which was
shown to be efficient in the improvement of the signal.
Another important feature is the subtraction of the cen-
trifugal force which removed the systematic effect due to
nonzero angular momenta, which was crucial to correct
the repulsive potential to an attractive one. This attrac-
tion is consistent with the one-glueball exchange picture
which is the leading contribution in the long range region.
We could also determine the low energy glueball effec-
tive theory by matching the one-glueball exchange pro-
cess with the fitted Yukawa potential. This effective La-
grangian is the unique form according to the Ward iden-
tity, and contains only two low energy constants. Since
the glueball mass is much larger than the temperature of
deconfinement transition, our glueball effective theory is
expected to be applicable even just below this temper-
ature, and predictions of other observables such as the
DM relic density are possible. Determining the glueball
effective field theory and its low energy constants may
also give us an important insight into other fields such as
the conformal field theory or hadron physics. If again the
large Nc expansion holds, the determination of the cross
section at a sufficiently large Nc would probably mean
the quantification of the conformal physics.
In our work, we assumed the local potential, but the
systematics due to the nonlocality has to be checked in
the future, since we defined the glueball operator with
plaquettes which have spatial extent. The investigation
of the nonlocality can be rephrased as the inspection of
the operator dependence, which was already discussed
for the mesonic and baryonic systems [576–578].
Moreover, we have only calculated the DM cross sec-
tion in the SU(2) YMT, and the cases for Nc ≥ 3 were
just qualitative extrapolations using 1/Nc expansion in
the present paper. Since the interglueball cross sec-
tion, being an O(N−4c ) quantity, receives a correction of
O(N−6c ), we expect to complete the analysis of the 0
++
glueball of SU(Nc) YMT as the DM candidate for all
Nc’s with the accuracy of O(1%) by accomplishing the
calculations up to Nc = 10. This project is in our view
not impossibly challenging.
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Appendix A: Derivation of Yukawa potential from
glueball effective Lagrangian
We derive the nonrelativistic Yukawa potential from
the glueball effective Lagrangian of Eq. (19). The Feyn-
man rule of the trilinear interaction is given in Fig. 11.
p
−p− k
k
=
i
2fφ
[
p
2 + k2 + (p+ k)2
]
+ 32i
H0
f3φ
FIG. 11. Feynman rule for the glueball trilinear interaction.
We then calculate the t-channel one-glueball exchange
process (see Fig. 10) with the trilinear interaction of Fig.
11:
iM = 169
4
m4φ
f2φ
−i
k2 −m2φ
+ i
27
4
m2φ
f2φ
− i
4f2φ
k2, (A1)
where k is the exchanged momentum, while the momen-
tum squared of the asymptotic glueballs are replaced
by m2φ, since we take the nonrelativistic approximation.
Here we used the relation mφ =
√
−4H0/f2φ to erase H0.
The first term of the last equality of Eq. (A1) yields the
Yukawa potential. The fitting form of Eq. (14) can be
matched with the above one-glueball exchange amplitude
as
V
(1)
Y = −
169
16
m2φ
f2φ
=
169
4
H0
f4φ
. (A2)
Here the additional factor 4m2φ = (
√
2mφ)
4 in the de-
nominator is coming from the normalization of nonrela-
tivistic glueball state.
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